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In this document, we show the expression of the likelihood, its first two derivatives, the
information matrix, and the first derivative of the information matrix.

1 Likelihood

At the individual level, the measurement and structural models can be written:

Y i = ν + ηiΛ +XiK + εi

ηi = α+ ηiB +XiΓ + ζi

with Σε the variance-covariance matrix of the residuals εi
Σζ the variance-covariance matrix of the residuals ζi.

By combining the previous equations, we can get an expression for Y i that does not depend
on ηi:

Y i = ν + (ζi + α+XiΓ) (I −B)−1Λ +XiK + εi

Since Var[Ax] = AVar[x]Aᵀ we have Var[xA] = AᵀVar[x]A, we have the following expressions
for the conditional mean and variance of Y i:

µ(θ,Xi) = E[Y i|Xi] = ν + (α+XiΓ)(1−B)−1Λ +XiK

Ω(θ) = V ar[Y i|Xi] = Λt(1−B)−tΣζ(1−B)−1Λ + Σε

where θ is the collection of all parameters. The log-likelihood can be written:

l(θ|Y ,X) =
n∑
i=1

l(θ|Y i,Xi)

=
n∑
i=1
−p2 log(2π)− 1

2 log|Ω(θ)| − 1
2(Y i − µ(θ,Xi))Ω(θ)−1(Y i − µ(θ,Xi))ᵀ
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2 Partial derivative for the conditional mean and variance

In the following, we denote by δσ∈Σ the indicator matrix taking value 1 at the position of σ in
the matrix Σ. For instance:

Σ =


σ1,1 σ1,2 σ1,3

σ1,2 σ2,2 σ2,3

σ1,3 σ2,3 σ3,3

 δσ1,2∈Σ =


0 1 0
1 0 0
0 0 0


The same goes for δλ∈Λ, δb∈B , and δψ∈Ψ.

First order derivatives:

∂µ(θ,Xi)
∂ν

= 1

∂µ(θ,Xi)
∂K

= Xi

∂µ(θ,Xi)
∂α

= (1−B)−1Λ

∂µ(θ,Xi)
∂Γ = Xi(1−B)−1Λ

∂µ(θ,Xi)
∂λ

= (α+XiΓ)(1−B)−1δλ∈Λ

∂µ(θ,Xi)
∂b

= (α+XiΓ)(1−B)−1δb∈B(1−B)−1Λ

∂Ω(θ)
∂ψ

= Λt(1−B)−tδψ∈Ψ(1−B)−1Λ

∂Ω(θ)
∂σ

= δσ∈Σ

∂Ω(θ)
∂λ

= δtλ∈Λ(1−B)−tΨ(1−B)−1Λ + Λt(1−B)−tΨ(1−B)−1δλ∈Λ

∂Ω(θ)
∂b

= Λt(1−B)−tδtb∈B(1−B)−tΨ(1−B)−1Λ + Λt(1−B)−tΨ(1−B)−1δb∈B(1−B)−1Λ
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Second order derivatives:

∂2µ(θ,Xi)
∂α∂b

= δα(1−B)−1δb∈B(1−B)−1Λ

∂2µ(θ,Xi)
∂α∂λ

= δα(1−B)−1δλ∈Λ

∂2µ(θ,Xi)
∂Γ∂b = Xi(1−B)−1δb∈B(1−B)−1Λ

∂2µ(θ,Xi)
∂Γ∂λ = Xi(1−B)−1δλ∈Λ

∂2µ(θ,Xi)
∂λ∂b

= (α+XiΓ)(1−B)−1δb∈B(1−B)−1δλ∈Λ

∂2µ(θ,Xi)
∂b∂b′

= (α+XiΓ)(1−B)−1δb′∈B(1−B)−1δb∈B(1−B)−1Λ

+ (α+XiΓ)(1−B)−1δb∈B(1−B)−1δb′∈B(1−B)−1Λ

∂2Ω(θ)
∂ψ∂λ

= δtλ∈Λ(1−B)−tδψ∈Ψ(1−B)−1Λ

+ Λt(1−B)−tδψ∈Ψ(1−B)−1δλ∈Λ

∂2Ω(θ)
∂ψ∂b

= Λt(1−B)−tδtb∈B(1−B)−tδψ∈Ψ(1−B)−1Λ

+ Λt(1−B)−tδψ∈Ψ(1−B)−1δb∈B(1−B)−1Λ
∂2Ω(θ)
∂λ∂b

= δtλ∈Λ(1−B)−tδtb∈B(1−B)−tΨ(1−B)−1Λ

+ δtλ∈Λ(1−B)−tΨ(1−B)−1δtb∈B(1−B)−1Λ

+ Λt(1−B)−tδtb∈B(1−B)−tΨ(1−B)−1δλ∈Λ

+ Λt(1−B)−tΨ(1−B)−1δtb∈B(1−B)−1δλ∈Λ

∂2Ω(θ)
∂λ∂λ′

= δtλ∈Λ(1−B)−tΨ(1−B)−1δλ′∈Λ

+ δtλ′∈Λ(1−B)−tΨ(1−B)−1δλ∈Λ

∂2Ω(θ)
∂b∂b′

= Λt(1−B)−tδtb′∈B(1−B)−tδtb∈B(1−B)−tΨ(1−B)−1Λ

+ Λt(1−B)−tδtb∈B(1−B)−tδtb′∈B(1−B)−tΨ(1−B)−1Λ

+ Λt(1−B)−tδtb∈B(1−B)−tΨ(1−B)−1δb′∈B(1−B)−1Λ

+ Λt(1−B)−tδtb′∈B(1−B)−tΨ(1−B)−1δb∈B(1−B)−1Λ

+ Λt(1−B)−tΨ(1−B)−1δb′∈B(1−B)−1δb∈B(1−B)−1Λ

+ Λt(1−B)−tΨ(1−B)−1δb∈B(1−B)−1δb′∈B(1−B)−1Λ
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3 First derivative: score

The individual score is obtained by derivating the log-likelihood:

U(θ|Y i,Xi) =∂li(θ|Y i,Xi)
∂θ

=− 1
2 tr

(
Ω(θ)−1 ∂Ω(θ)

∂θ

)
+ ∂µ(θ,Xi)

∂θ
Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

+ 1
2(Y i − µ(θ,Xi))Ω(θ)−1 ∂Ω(θ)

∂θ
Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

4 Second derivative: Hessian and expected information

The individual Hessian is obtained by derivating twice the log-likelihood:

Hi(θ, θ′) =− 1
2 tr

(
−Ω(θ)−1 ∂Ω(θ)

∂θ′
Ω(θ)−1 ∂Ω(θ)

∂θ
+ Ω(θ)−1 ∂

2Ω(θ)
∂θ∂θ′

)
+ ∂2µ(θ,Xi)

∂θ∂θ′
Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

− ∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂Ω(θ)
∂θ′

Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

− ∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂µ(θ,Xi)
∂θ′

ᵀ

− ∂µ(θ,Xi)
∂θ′

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

− (Y i − µ(θ,Xi))Ω(θ)−1 ∂Ω(θ)
∂θ′

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

+ 1
2(Y i − µ(θ,Xi))Ω(θ)−1 ∂

2Ω(θ)
∂θ∂θ′

Ω(θ)−1(Y i − µ(θ,Xi))ᵀ
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Using that µ(θ,Xi) and Ω(θ) are deterministic quantities, we can then take the expectation
to obtain:

E [Hi(θ, θ′)] =− 1
2 tr

(
−Ω(θ)−1 ∂Ω(θ)

∂θ′
Ω(θ)−1 ∂Ω(θ)

∂θ
+ Ω(θ)−1 ∂

2Ω(θ)
∂θ∂θ′

)

+ ∂2µ(θ,Xi)
∂θ∂θ′

Ω(θ)−1

���
���

���
�:0

E [(Y i − µ(θ,Xi))ᵀ]

− ∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂Ω(θ)
∂θ′

Ω(θ)−1

���
���

���
�:0

E [(Y i − µ(θ,Xi))ᵀ]

− ∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂µ(θ)
∂θ′

ᵀ

− ∂µ(θ,Xi)
∂θ′

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1

���
���

���
�:0

E [(Y i − µ(θ,Xi))ᵀ]

− E
[
(Y i − µ(θ,Xi))Ω(θ)−1 ∂Ω(θ)

∂θ′
Ω(θ)−1 ∂Ω(θ)

∂θ
Ω(θ)−1(Y i − µ(θ,Xi))ᵀ

]
+ E

[
1
2(Y i − µ(θ,Xi))Ω(θ)−1 ∂

2Ω(θ)
∂θ∂θ′

Ω(θ)−1(Y i − µ(θ,Xi))ᵀ
]

The last two expectations can be re-written using that E[xᵀAx] = tr (AVar[x])+E[x]ᵀAE[x]:

E [Hi(θ, θ′)] =− 1
2 tr

(
−Ω(θ)−1 ∂Ω(θ)

∂θ′
Ω(θ)−1 ∂Ω(θ)

∂θ
+���

���
�

Ω(θ)−1 ∂
2Ω(θ)
∂θ∂θ′

)
− ∂µ(θ,Xi)

∂θ
Ω(θ)−1 ∂µ(θ,Xi)

∂θ′

ᵀ

− tr
(

Ω(θ)−1 ∂Ω(θ)
∂θ′

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1(Var [Y i − µ(θ,Xi)])ᵀ
)

+
((((

(((
((((

((((
(((

((((
((

1
2 tr

(
Ω(θ)−1 ∂

2Ω(θ)
∂θ∂θ′

��
��Ω(θ)−1
((((

((((
(((

(Var [Y i − µ(θ,Xi)])ᵀ
)

where we have used that Var [Y i − µ(θ,Xi)] = Var [Y i|Xi] = Ω(θ). Finally we get:

E [Hi(θ, θ′)] =− 1
2 tr

(
Ω(θ)−1 ∂Ω(θ)

∂θ′
Ω(θ)−1 ∂Ω(θ)

∂θ

)
− ∂µ(θ,Xi)

∂θ
Ω(θ)−1 ∂µ(θ,Xi)

∂θ′

ᵀ

So we can deduce from the previous equation the expected information matrix:

I(θ, θ′) =n

2 tr
(

Ω(θ)−1 ∂Ω(θ)
∂θ′

Ω(θ)−1 ∂Ω(θ)
∂θ

)
+

n∑
i=1

∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂µ(θ,Xi)
∂θ′

ᵀ
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5 First derivatives of the information matrix

∂I(θ, θ′)
∂θ′′

=− n

2 tr
(

Ω(θ)−1 ∂Ω(θ)
∂θ′′

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1 ∂Ω(θ)
∂θ′

)
+ n

2 tr
(

Ω(θ)−1 ∂
2Ω(θ)
∂θ∂θ′′

Ω(θ)−1 ∂Ω(θ)
∂θ′

)
− n

2 tr
(

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1 ∂Ω(θ)
∂θ′′

Ω(θ)−1 ∂Ω(θ)
∂θ′

)
+ n

2 tr
(

Ω(θ)−1 ∂Ω(θ)
∂θ

Ω(θ)−1 ∂
2Ω(θ)
∂θ′∂θ′′

)
+

n∑
i=1

∂2µ(θ,Xi)
∂θ∂θ′′

Ω(θ)−1 ∂µ(θ,Xi)
∂θ′

ᵀ

+
n∑
i=1

∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂
2µ(θ,Xi)
∂θ′∂θ′′

ᵀ

−
n∑
i=1

∂µ(θ,Xi)
∂θ

Ω(θ)−1 ∂Ω(θ)
∂θ′′

Ω(θ)−1 ∂µ(θ,Xi)
∂θ′

ᵀ
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