Likelihood, first and second order derivatives in a LVM

Brice Ozenne

In this document, we show the expression of the likelihood, its first two derivatives, the

information matrix, and the first derivative of the information matrix.

1 Likelihood

At the individual level, the measurement and structural models can be written:

n; =a+mnB+ X;I'+(;

with Y. the variance-covariance matrix of the residuals g;

¢ the variance-covariance matrix of the residuals ;.

By combining the previous equations, we can get an expression for Y; that does not depend

on n;:
Yi=v+(,+a+X,I)(I-B) A+ XK +e¢;

Since Var[Az] = AVar[z]AT we have Var[zA] = ATVar[z]A, we have the following expressions

for the conditional mean and variance of Y;:

Q) = Var[Y|X;] = A'(1— B)"'Sc(1 — B)"'A + 3.

where 6 is the collection of all parameters. The log-likelihood can be written:
i=1

=3 Liog(2m) ~ LloglQA6)] ~ L(¥: — (6, X)AB) (Vi — (6, X))
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2 Partial derivative for the conditional mean and variance

In the following, we denote by d,cx the indicator matrix taking value 1 at the position of ¢ in

the matrix . For instance:
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X= 01,2 022 023 501,2622
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The same goes for dxen, dpep, and dyew.

First order derivatives:
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Second order derivatives:
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3 First derivative: score

The individual score is obtained by derivating the log-likelihood:
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4 Second derivative: Hessian and expected information

The individual Hessian is obtained by derivating twice the log-likelihood:
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Using that (6, X;) and Q(0) are deterministic quantities, we can then take the expectation

to obtain:
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The last two expectations can be re-written using that E[zT Ax] = tr (AVar[z])+E[z]" AE[z]:
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where we have used that Var [Y; — u(0, X;)] = Var [Y ;| X;] = Q(0). Finally we get:
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So we can deduce from the previous equation the expected information matrix:
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5 First derivatives of the information matrix
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